On displaceability of pre-Lagrangian fibers in contact toric manifolds by Marinkovic, Aleksandra & Pabiniak, Milena
ON DISPLACEABILITY OF PRE-LAGRANGIAN TORIC FIBERS IN
CONTACT TORIC MANIFOLDS
A. MARINKOVIC´, M. PABINIAK
Abstract. In this note we analyze displaceability of pre-Lagrangian toric fibers in con-
tact toric manifolds. While every symplectic toric manifold contains at least one non-
displaceable Lagrangian toric fiber and infinitely many displaceable ones, we show that
this is not the case for contact toric manifolds. More precisely, we prove that for the
contact toric manifolds S2d−1(d ≥ 2) and Tk × S2d+k−1(d ≥ 1) all pre-Lagrangian toric
fibers are displaceable, and that for all contact toric manifolds for which the toric action
is free, except possibly non-trivial T3-bundles over S2, all pre-Lagrangian toric fibers are
non-displaceable. Moreover we also prove that if for a compact connected contact toric
manifold all but finitely many pre-Lagrangian toric fibers are non-displaceable then the
action is necessarily free. On the other hand, as we will discuss, displaceability of all
pre-Lagrangian toric fibers seems to be related to the non-orderability of the underlying
contact manifolds.
1. Introduction
One of the questions of great importance in symplectic geometry is whether a given
Lagrangian submanifold of a symplectic manifold can be displaced off itself via a Hamil-
tonian isotopy. If the symplectic manifold is toric, i.e. it can be equipped with an effective
Hamiltonian action of a torus of dimension equal to half of the dimension of the manifold,
then every generic toric orbit (i.e. of maximal dimension) is a Lagrangian submanifold. It
is usually called a Lagrangian toric fiber as it is a fiber of the moment map. Displaceability
properties of Lagrangian toric fibers in symplectic toric manifolds have been extensively
studied. In particular the following two important results have been proved
(A) any compact connected symplectic toric manifold contains a non-displaceable La-
grangian toric fiber ([18], [19], [17], [24], [32]), whereas
(B) any compact connected symplectic toric manifold has uncountably many displace-
able Lagrangian toric fibers ([33], [1]).
The goal of this paper is to study the analogue of the above questions in the setting of
contact toric manifolds.
The question of displaceability of Lagrangians in symplectic manifolds can be translated
to the contact setting in two different ways. Given a pre-Lagrangian Ld in a contact manifold
(V 2d−1, ξ) one can ask if there exists a contact isotopy ϕt of (V 2d−1, ξ) which displaces Ld.
Or, given a Legendrian submanifold Nd−1 of (V 2d−1, ξ) one can ask if there exists a contact
isotopy ϕt of (V
2d−1, ξ) such that there are no Reeb chords between Nd−1 and ϕ1(Nd−1).
In this work we concentrate on the first question as this is the direct translation of the
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problem of displaceability of generic torus orbits: if (V 2d−1, ξ) is a contact toric manifold,
then the generic orbits of the toric action are pre-Lagrangian submanifolds and are fibers
of the moment map (with the exception of (T3, kerαk), k > 1, described in Section 2, where
each fiber consists of k orbits). For a precise definition of pre-Lagrangians, moment maps
in the contact setting and other background information we direct the reader to Section
2. We show that displaceability properties of pre-Lagrangian toric fibers in contact toric
manifolds are very different from those of Lagrangian toric fibers in the symplectic setting.
None of the above itemized statements holds when translated to the contact toric setting.
First we observe that contact toric manifolds may have all pre-Lagrangian toric fibers
displaceable, i.e. the contact version of (A) does not hold.
Proposition 1.1. Every pre-Lagrangian toric fiber in the standard contact toric sphere
S2d−1, d ≥ 2, is displaceable.
In fact all closed proper subset of (S2d−1, ξst) are displaceable (Proposition 4.1). It is also
worth observing that there exists a contact isotopy that simultaneously displaces all these
pre-Lagrangian toric fibers (Remark 4.2). Moreover, the standard contact sphere is not the
only instance of this phenomenon.
Theorem 1.2. Every pre-Lagrangian toric fiber in Tk × S2d+k−1, d ≥ 1, is displaceable.
This phenomenon seems to be related to the notion of orderability introduced by Eliash-
berg and Polterovich in [16] and recalled here in Section 2. The contact manifolds S2d−1
and Tk×S2d+k−1(d ≥ 2) are known to be not orderable [15]. To the best of our knowledge,
at the time of writing these are all contact toric manifolds which are proved to be non-
orderable. Orderability of Tk × Sk+1 remains an open question, even for k = 1. The fact
that Theorem 1.2 holds also for d = 1 provides a slight indication that Tk × Sk+1 might
also be non-orderable.
A connection between orderability and non-displaceability of certain subsets of a contact
manifold has already been studied. It was proved by Eliashberg and Polterovich that a
contact manifold is orderable if it contains a pair with the stable intersection property
(Theorem 2.3.A in [16]), that is a pair (L,K), where L is a pre-Lagrangian and K is
either a pre-Lagrangian or a Legendrian, such that the stabilizations of K and L cannot
be displaced from each other in V × T ∗S1, the stabilization of V . (For precise definitions
see Section 2.2 in [16].) If a pre-Lagrangian L paired with itself has stable intersection
property, i.e. if it is stably non-displaceable, then it is non-displaceable. Moreover, Borman
and Zapolsky in [9] proved that any compact contact toric manifold admitting a monotone
quasimorphism with the vanishing property is orderable and contains a non-displaceable
pre-Lagrangian toric fiber. Theorems 1.1 and 1.2 imply that neither S2d−1, with d ≥ 2,
nor Tk × S2d+k−1, with d ≥ 1, can be equipped with a monotone quasimorphism with the
vanishing property 1. Based on our work and the above results, we conjecture
1 Here we would like to mention another result related to the non-existence of monotone quasimorphism
for the standard sphere: Fraser, Polterovich and Rosen in [20] proved that every conjugation invariant norm
on the identity component of the universal cover of the contactomorphism group of S2d−1, d ≥ 2, must be
bounded and discrete, hence equivalent to the trivial norm.
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Conjecture 1.3. If a compact contact toric manifold is not orderable then all its pre-
Lagrangian toric fibers are displaceable.
Note that the compactness assumption is crucial. The contact toric manifold (S1 ×
R2d, ker(dθ−∑ yjdxj)) is orderable ([34]), even though all pre-Lagrangian toric fibers are
displaceable (see Example 3.4). Moreover, (R2d+1, ker(dz −∑ yjdxj)) is orderable ([7]),
while every bounded subset of it is displaceable by a translation in the z direction.
Another difference in rigidity properties of symplectic and contact manifolds is that the
contact version of (B) does not hold: a contact toric manifold does not need to contain any
displaceable pre-Lagrangian toric fiber.
Proposition 1.4. Every pre-Lagrangian toric fiber in the contact toric manifold Td×Sd−1,
d ≥ 2, (co-sphere bundle of Td), is non-displaceable.
This follows from results of Eliashberg, Hofer and Salamon from [14] where they used
Lagrangian Floer homology in the symplectization of contact manifolds to analyze dis-
placeability of graphs of non-vanishing 1–forms in cosphere bundles, (see Section 5). In
fact, using Example 2.4.A of [16] one can show a stronger result, namely that any pre-
Lagrangian toric fiber in Td × Sd−1, d ≥ 2, is stably non-displaceable. Due to Theorem
2.3.A of [16] it follows that Td × Sd−1, d ≥ 2, is orderable.
Proposition 1.5. Every orbit of the torus action in the contact toric manifold (T3 = S1(θ)×
T2(θ1,θ2), ker(cos(2pikθ) dθ1 + sin(2pikθ) dθ2)), k ≥ 1, is non-displaceable. In particular, every
pre-Lagrangian toric fiber of T3 with one of the above contact forms is non-displaceable.
It is interesting to observe that for contact toric manifolds from Propositions 1.4 and 1.5
the toric action is free. We believe that the non-existence of displaceable pre-Lagrangian
toric fibers is related to the fact that the given toric action is free. A toric action on a
compact symplectic toric manifold is never free (it is free only on the pre-image of the
interior of the moment map image). In fact even a Hamiltonian circle action on a compact
symplectic toric manifold is never free: compactness implies that the Hamiltonian moment
map must attain its extrema, and the non-degeneracy of the symplectic form implies that
the Hamiltonian vector field vanishes at these points, thus these points must be fixed under
the circle action. In the contact setting, the Hamiltonian vector field only needs to be in
the kernel of dα at the points where the moment map attains its extrema.
All contact toric manifolds admitting a free toric action are listed in Lerman’s Classifi-
cation Theorem (Theorem 2.18 in [28]) which we recall in Section 2. The only contact toric
manifolds with a free toric action that are not included in the statements of Propositions
1.4 and 1.5 are the non-trivial T3-bundles over S2. It would be interesting to see if in these
cases all pre-Lagrangian toric fibers are non-displaceable. Finally, in Section 5.3 we prove
the following.
Theorem 1.6. Every compact connected contact toric manifold for which the toric action
is not free contains uncountably many displaceable pre-Lagrangian toric fibers.
Organization. Section 2 contains background material on contact manifolds and toric
actions. In Section 3 we present some methods of displacing pre-Lagrangian toric fibers by
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analyzing prequantization maps, contact reduction and contact cutting. In Section 4 we
apply these tools to displace all pre-Lagrangian toric fibers of the non-orderable contact
toric manifolds of Propositions 1.1 and 1.2. Section 5 is devoted to study non-displaceability
of pre-Lagrangian toric fibers of contact toric manifolds with free toric action. There we
prove Propositions 1.4, 1.5 and Theorem 1.6.
2. Background on contact manifolds and torus actions.
2.1. Contact manifolds and pre-Lagrangian submanifolds. Let (V 2d−1, ξ) be a coori-
ented contact manifold. Recall that the symplectization of (V 2d−1, ξ) is the symplectic
manifold
SV = {(p, ηp) ∈ T ∗V | ker ηp = ξp and ηp agrees with the coorientation of ξp}
with the symplectic form dλ|SV , where λ is the canonical Liouville 1-form on T ∗V. The
standard R+-action on SV defined by t · (p, ηp) 7→ (p, tηp) makes SV a principal R+-bundle
over V . Any contact form for ξ is a section of this bundle. We denote by pi : SV → V the
projection pi(p, ηp) = p. A submanifold L
d ⊂ (V 2d−1, ξ) is said to be a pre-Lagrangian
if it is the diffeomorphic image under pi of some Lagrangian submanifold L˜ ⊂ SV. The
notion of pre-Lagrangian submanifold and the related displaceability problems have been
first studied in [14].
We will analyze the problem of displaceability of pre-Lagrangians under contact iso-
topies. In symplectic topology every (possibly time-dependent) function ht : M 7→ R on a
symplectic manifold (M,ω) induces a symplectic isotopy ϕt, which is defined to be the flow
of the vector field Xht determined by the relation Xhtyω = dht. The isotopy {ϕt} is said to
be a Hamiltonian isotopy, with Hamiltonian function ht. A Lagrangian L in a symplectic
manifold (M,ω) is said to be non-displaceable if ϕ1(L)∩L 6= ∅ for every Hamiltonian iso-
topy {ϕt}t∈[0,1] on M with ϕ0 = id. In the contact setting, every (possibly time-dependent)
function ht : V 7→ R on a contact manifold (V, ξ = kerα) induces a contact isotopy ϕt,
which is defined to be the flow of the vector field Xht determined by the relation
(1) α(Xht) = ht and Xhtydα = dht(Rα)α− dht.
Here Rα denotes the Reeb vector field associated to a contact form α, that is, the unique
vector field such that
Rαydα = 0 and α(Rα) = 1.
Note that {ϕt} depends on the choice of a contact form α. The function ht is then said
to be the Hamiltonian function of the contact isotopy {ϕt} with respect to the contact
form α. Contrary to the symplectic case, any contact isotopy is induced by a Hamiltonian
function (which is defined uniquely by ht = α(Xht), where Xt is the vector field generating
the isotopy). Translating the notion of non-displaceable Lagrangian fiber in a symplectic
manifold to the contact setting we obtain the following definition. A pre-Lagrangian L ⊂ V
is called non-displaceable if ϕ1(L)∩L 6= ∅ for every contact isotopy {ϕt}t∈[0,1] on V , with
ϕ0 = id. Otherwise, it is called displaceable.
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2.2. Contact toric manifolds. A co-oriented contact manifold (V 2d−1, ξ) with an effec-
tive action of the torus Td that preserves the contact structure ξ is called a contact toric
manifold. As Td is compact one can always choose a Td-invariant contact form α for ξ.
For such a Td-invariant contact form α, the α-moment map µα : V → (td)∗ is defined by
〈µα(p), X〉 = αp(Xp),
where X is the vector field on V generated by X ∈ td and 〈·, ·〉 denotes the natural pairing
between td and (td)∗. If V is equipped with a contact toric action of Td, the lift of this action
to T ∗V is symplectic and keeps SV invariant, making SV a symplectic toric manifold. The
corresponding moment map Φ : SV → (td)∗, called the contact moment map, is given
by
〈Φ(p, ηp), X〉 = ηp(Xp)
and does not depend on the choice of a contact form. The moment cone is the image of
the contact moment map. One can identify the Lie algebra td of Td with Rd by fixing a
splitting of Td into a product of circles and an identification Lie(S1) ∼= R, and view the
moment maps µα and Φ as maps to (Rd)∗. We use the convention S1 ∼= R/Z. Note that
switching to a different convention would change µα(V ), but not the moment cone Φ(SV ),
as the cone is invariant under rescaling in the radial direction. Changing the splitting of
Td, i.e. reparametrizing the action, would result in applying a GL(d,Z) transformation to
µα(V ) and Φ(SV ) (see Example 3.1).
For any Td-invariant contact form α it holds that Φ ◦ α = µα (Proposition 2.8 in [28])
and, for any c ∈ µα(V ) ∩ IntΦ(SV ), the restriction of the projection pi : SV → V maps
diffeomorphically Φ−1(c) onto µ−1α (c). Therefore generic fibers of µα are pre-Lagrangians.
We call them the pre-Lagrangian toric fibers. Connected components of the fibers of
µα are Td-orbits (see Lemma 3.16 in [28]). If dimV > 3 then, by Theorem 4.2 in [28],
all fibers of µα are connected. In fact the only contact toric manifolds with disconnected
pre-Lagrangian fibers are (T3, kerαk) described below, with k > 1. (Each fiber has exactly
k connected components).
The classification of compact contact toric manifolds initiated by Banyaga-Molino [5],
[6] and Boyer-Galicki [11] was concluded by Lerman in [28]. Compact connected contact
toric manifolds (V, ξ) are classified as follows (Theorem 2.18 in [28]):
• Suppose dimV = 3 and the torus action is free. Then V is diffeomorphic to T3 =
S1(θ) × T2(θ1,θ2) with the contact form αk = cos(kt) dθ1 + sin(kt) dθ2, for some k ≥ 1.
The moment cone is R2. Note that T3 is the cosphere bundle of T2 and the standard
contact structure of the cosphere bundle corresponds to k = 1.
• Suppose dimV = 3 and the torus action is not free. Then V is diffeomorphic to S3,
S1×S2 or a lens space. There are various possible toric actions and various possible
contact structures (including overtwisted ones). For details see [28].
• Suppose dimV > 3 and the torus action is free. Then V is a principal Td-bundle over
Sd−1, and the moment cone is the whole Rd. Each such principal bundle has a unique
Td-invariant contact structure making it a contact toric manifold. Since principal
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Td-bundles over a manifold are in one-to-one correspondence with the second co-
homology classes of the manifold with coefficients in Zd and since H2(Sd−1,Zd) = 0
for d−1 6= 2, it follows that when dimV = 2d−1 > 5, V must be the trivial bundle
Td × Sd−1.
• Suppose dimV > 3 and the torus action is not free. Then the contact toric manifold
is uniquely determined by its convex moment cone, up to GL(2d − 1,Z) transfor-
mations (corresponding to changing a splitting of a torus into a product of circles).
When the moment cone is strictly convex then V is of Reeb type, i.e. V admits
a contact form whose Reeb vector field generates a circle subaction of the toric
action. Otherwise, i.e. when the moment cone is convex but not strictly convex, V
is Tk × S2d+k−1.
2.3. Orderability. Eliashberg and Polterovich in [16] defined a relation  on the universal
cover of the identity component of the contactomorphism group, C˜ont0(V, ξ): two elements
[{φt}], [{ψt}] ∈ C˜ont0(V, ξ) satisfy [{φt}]  [{ψt}] if [{ψt}] ◦ [{φt}]−1 can be represented by
a non-negative contact isotopy, i.e. a contact isotopy that moves every point of V in a direc-
tion positively transverse or tangent to ξ (equivalently, a contact isotopy that is generated
by a non-negative contact Hamiltonian). This relation is always reflexive and transitive. If
it is also anti-symmetric then it defines a bi-invariant partial order on C˜ont0(V, ξ) and the
contact manifold (V, ξ) is called orderable. Equivalently, according to Proposition 2.1.A in
[16], a contact manifold is orderable if there are no contractible loops of contactomorphisms
generated by a strictly positive contact Hamiltonian. Eliashberg, Kim and Polterovich in
Theorem 1.16 in [15] showed that the ideal contact boundary of a product M × Cd of a
Liouville manifold M and (Cd, ω = i
2
∑
dz∧dz¯) is not orderable for d ≥ 2. Two important
cases which we consider here are when M is a point and when M = T ∗Sk. In these cases
the ideal contact boundary of M stabilized d times is, respectively, the standard contact
spheres S2d−1 and the manifolds Tk × S2d+k−1 with the contact form which is described in
detail in Section 4.2. Hence, S2d−1 and Tk × S2d+k−1 are non-orderable if d ≥ 2. In Section
4 we prove that all their pre-Lagrangian toric fibers are displaceable.
3. Methods for displacing.
In this section we describe some methods of displacing pre-Lagrangian toric fibers in
contact toric manifolds. All these methods are obtained by a similar pattern: we look at
various ways of constructing a new manifold from a given one (prequantization, contact
reduction, contact cut) and deduce relations between displaceability properties of corre-
sponding subsets of the manifold we started with and of the manifold we constructed.
3.1. Prequantization of a symplectic toric manifold and displaceability. Let (M,ω)
be a symplectic manifold such that the cohomology class [ω] is integral. The prequanti-
zation of (M,ω) is the principal S1−bundle pi : V → M with Euler class [ω]. There is a
connection 1-form α on V such that pi∗ω = dα, which is also a contact form on V , and thus
(V, ξ = kerα) is a contact manifold. This construction is due to Boothby-Wang [8] (see also
[21, Section 7.2.]). The orbits of the Reeb vector field Rα associated to the contact 1-form
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α are the fibers of the bundle. If V is the prequantization of (M,ω) then for the subgroup
Zk = {e2pii l/k; l = 0, . . . , k−1} ⊂ S1 the quotient submanifold V/Zk is the prequantization
of (M,kω).
If (M2d, ω) is a compact symplectic toric manifold then the Td-action lifts to a contact
Td-action on V . Together with the S1-action given by the Reeb flow this gives a Td+1-
action on the prequantization (V 2d+1, ξ) making it a contact toric manifold (see [29]). The
pre-image under pi of a Lagrangian toric fiber in M is a pre-Lagrangian toric fiber in V.
Moreover, the image of the contact moment map Φ: SV → (Rd)∗× (R)∗ is a cone over the
moment map image ∆ of M , namely it is
C = {a(x, 1) ∈ (Rd)∗ × (R)∗ |x ∈ ∆, a ∈ R>0}.
Symplectic reduction of SV with respect to the circle {1} × S1 ⊂ Td+1 taken at level 1
gives back the symplectic toric manifold (M,ω) (Lemma 3.7 in [29]).
Example 3.1. The standard contact sphere, (S2d−1, kerαst), αst = i4
∑d
i=1(zidz¯i − zidzi), is
the prequantization of the complex projective space (CPd−1, 1
pi
ωFS) as the first Chern class
of the Hopf fibration S2d−1 → CPd−1 is 1
pi
ωFS. Performing the above construction for the
standard Td−1-action on (CPd−1, ωFS), one equips the prequantization space S2d−1 with a
toric Td-action
(t1, . . . , td) ∗ (z0, . . . , zd−1) = (tdz0, tdt1z1, . . . , tdtd−1zd−1)
(the Reeb flow gives the diagonal circle action). The corresponding moment cone is spanned
by the directions e1+ed, e2+ed, . . . , ed−1+ed, ed, where ei, i = 1, . . . d are the coordinate axes
in Rd. Observe that the resulting action differs by a reparametrization from the standard
action of Td on S2d−1 induced from the Td-action on Cd, where each circle in Td rotates the
corresponding copy of C with speed 1 (see Section 4.1). This is why the above moment cone
differs by a GL(d,Z)-transformation from the moment cone of the standard action of Td
on S2d−1 (which is spanned by the directions e1, . . . , ed; Section 4.1). Furthermore, the real
projective space RP2d−1 = S2d−1/Z2, and more generally the lens spaces L2d−1p = S2d−1/Zp,
p ∈ N, with contact forms induced by αst are prequantizations of (CPd−1, ppiωFS). Hence,
they are also contact toric manifolds, and their moment cones are spanned by the directions
pe1 + ed, pe2 + ed, . . . , ped−1 + ed, ed.
We now explain a connection between non-displaceability in a symplectic toric manifold
(M,ω) and in its prequantization (V, ξ). Note that if L′ ⊂M is a Lagrangian submanifold
then pi−1(L′) ⊂ V is a pre-Lagrangian submanifold. By Ham(M,ω) we denote the group
of Hamiltonian diffeomorphisms on (M,ω) and by Cont0(V, ξ) the identity component of
the contactomorphisms group of (V, ξ).
Lemma 3.2. ( Lifting property for prequantization) Let ϕ ∈ Ham(M,ω). Then, there is
ϕ˜ ∈ Cont0(V, ξ) such that pi ◦ ϕ˜ = ϕ ◦ pi.
Proof. Let ϕt be a Hamiltonian isotopy such that ϕ = ϕ1 and let ht : M → R be the cor-
responding time dependent Hamiltonian function. Let ϕ˜t be the contact isotopy generated
by h˜t = ht ◦ pi. Then ϕ˜ = ϕ˜1 has the desired properties.
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What follows is an analogue of the result of Abreu and Macarini on preserving non-
displaceability under symplectic reduction (Proposition 3.2 in [2]). The proof immediately
follows from Lemma 3.2.
Proposition 3.3. Let (V, ξ) be a contact toric manifold which is the prequantization of a
symplectic toric manifold (M,ω). If a Lagrangian toric fiber L ⊂M is displaceable then so
is the pre-Lagrangian toric fiber pi−1(L) ⊂ V.
Example 3.4. The contact toric manifold (S1×R2d, ker(dθ−∑dj=1 yjdxj)) is the prequanti-
zation of the symplectic toric manifold (R2d,
∑d
j=1 dxj ∧ dyj) (with the standard Td-action
on R2d ∼= Cd). Every Lagrangian toric fiber in R2d is displaceable by Hamiltonian isotopies:
for example, by an appropriate translation in one of the coordinates. Thus, by Proposition
3.3, every pre-Lagrangian toric fiber in S1 × R2d is also displaceable.
3.2. The method of probes. The method of probes was introduced by McDuff [33] and
serves to displace some Lagrangian toric fibers in symplectic toric manifolds. We briefly
recall it here, since the results of Section 4.2 will be proved by combining Proposition 3.3
with displaceability results in symplectic toric manifolds obtained via this method.
Let ∆ = µ(M) ⊂ Rn be the Delzant polytope corresponding to some symplectic toric
manifold M2n with moment map µ. Take any facet F of ∆ ⊂ Rn and denote its inward
normal by ηF . An integral vector λ ∈ Zn is called integrally transverse to F if |〈λ, ηF 〉| = 1.
The probe pF,λ(w) with direction λ ∈ Zn and initial point w ∈ F is the half open line
segment consisting of w and all the points in Int ∆ that lie on the ray from w in the direction
λ. McDuff in Lemma 2.4 of [33, Lemma 2.4] proved that if w ∈ Int F and u ∈ Int ∆ is
any point which lies on the probe pF,λ(w), less than halfway along it, then the Lagrangian
toric fiber in M corresponding to u is displaceable. Moreover, this fiber can be displaced
by an isotopy of M supported in a compact subset of µ−1(pF,λ(w)).
Using this method McDuff [33] and Abreu-Borman-McDuff [1] showed that any compact
symplectic toric manifold contains uncountably many displaceable Lagrangian toric fibers.
Combining this with Proposition 3.3 we see that any contact toric manifold (V, ξ) which
is the prequantization of a compact symplectic toric manifold contains uncountably many
displaceable pre-Lagrangian toric fibers.
In particular this implies that a contact toric manifold for which all pre-Lagrangian toric
fibers are non-displaceable (for instance, Tk × S2d+k−1 as we will see in 4.2) cannot be the
prequantization of a compact symplectic toric manifold.
Remark 3.5. According to the definition given by Entov and Polterovich in [17], a La-
grangian toric fiber in a symplectic toric manifold is a stem if any other Lagrangian toric
fiber is displaceable. Translating to the contact setting one obtains the following definition:
a pre-Lagrangian toric fiber is a (contact) stem if every other pre-Lagrangian toric fiber is
displaceable. From Proposition 3.3 we see that if L ⊂ M is a stem, then pi−1(L) ⊂ V is a
stem. While in the symplectic setting a stem, if it exists, is unique and non-displaceable
([17]), in the contact setting this is not necessarily true. In S2d−1 and Tk × S2d+k−1, d ≥ 2,
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every pre-Lagrangian toric fiber is a stem and none of them is non-displaceable (see Section
4). However, as was proved by Borman and Zapolsky, in the family of contact toric man-
ifolds admitting a monotone quasimorphism with the vanishing property stems behave as
in the symplectic case: if a stem exists then it is unique and non-displaceable (see Corollary
1.19 and Corollary 1.11 in [9]). The prequantization of any even monotone symplectic toric
manifold (with the symplectic form scaled appropriately) admits such a quasimorphism
(see Theorem 1.3. in [9]). 
Example 3.6. The central fiber in CPd−1, the Clifford torus
TCP = {[z1, . . . , zd] ∈ CPd−1| |z1|2 = · · · = |zd|2}
is proved to be non-displaceable (Cho-Poddar [12]). On the other hand, using the method
of probes, it can be shown that all other Lagrangian toric fibers in CPd−1 are displaceable.
Therefore the Clifford torus is a stem. By Remark 3.5 the pre-images of the Clifford torus
in S2d−1, RP2d−1 and L2d−1p = S2d−1/Zp (under the prequantization map) are also stems.
However their displaceability properties are very different. The real projective space admits
a monotone quasimorphism with the vanishing property and therefore its stem is non-
displaceable [9]. It is expected that all lens spaces also admit such quasimorphism ([25] in
preparation). That would imply that the preimage of the Clifford torus in any L2d−1p is also
non-displaceable. In the case of S2d−1, the preimage of the Clifford torus is displaceable
as shown in Proposition 1.1. Absence of a non-displaceable pre-Lagrangian toric fiber also
implies that S2d−1 does not admit a monotone quasimorphism with the vanishing property
(see Theorem 1.14. in [9]).
3.3. Contact reduction of a contact toric manifold and displaceability. In this
Section we explain how one can use contact reduction to deduce certain results about
(non)-displaceability. This is done for the sake of completeness, as in this article we are
not applying this method.
We first recall the notion of a contact reduction (for more details see [4] or Section 7.7.
in [21]). Suppose that a compact Lie group G acts on a contact manifold (V˜ , ξ˜ = ker α˜)
preserving the contact form α˜ and let µG be the corresponding moment map. Assume
moreover that 0 ∈ g∗ is a regular value and that G acts freely and properly on the level
µG
−1(0). Let ρ : µG−1(0)→ µG−1(0)/G be the quotient map. The contact form α˜ naturally
induces a contact form α on V such that ρ∗α = α˜ on µG−1(0). Moreover, if V˜ 2d+1 is a
contact toric manifold with a toric Td+1-action, and G = S1 is a subgroup of Td+1, then
the residual torus Td+1/G acts on the reduced space V , turning it into a contact toric
manifold.
The results of Abreu and Macarini ([2]), establishing a connection between rigidity of
Lagrangian toric fibers in a symplectic manifold and in its reduction, can easily be trans-
lated to the contact setting. Proposition 3.8 follows immediately from the following lemma,
whose proof is omitted since it is analogous to the one in the symplectic case (see Section
3 in [2]).
10 A. MARINKOVIC´, M. PABINIAK
Lemma 3.7. ( Lifting property for contact reduction) Let ϕ ∈ Cont0(V, ξ). Then, there is
ϕ˜ ∈ Cont0(V˜ , ξ˜) such that ρ ◦ ϕ˜ = ϕ ◦ ρ.
Proposition 3.8. If L ⊂ V is a displaceable pre-Lagrangian toric fiber, then L˜ = ρ−1(L) ⊂
V˜ is a displaceable pre-Lagrangian toric fiber.
3.4. Contact cuts and displaceability. The procedure of contact cutting was defined
by Lerman in [27] who also proved the following result.
Theorem 3.9 (Theorem 2.11 in [27]). Let (V, α) be a contact manifold with an action of
S1 preserving α and let µα denote the corresponding α-moment map. Suppose that S1 acts
freely on the zero level set µ−1α (0). Then the cut manifold, defined as
V[0,∞) = µ−1α ([0,∞))/ ∼,
where x1 ∼ x2 if and only if µα(x1) = µα(x2) = 0 and the points x1 and x2 are in the
same circle orbit, is naturally a contact manifold. Moreover, the natural embedding of the
reduced space V0 = µ
−1
α (0)/S1 into V[0,∞) is contact and the complement V[0,∞) \ V0 is
contactomorphic to the open subset {x ∈ V ; µα(x) > 0} of (V, α).
If the above S1 is a subcircle of a torus T 12 (dimV+1) acting on V in a Hamiltonian way
(thus giving V a structure of a contact toric manifolds) then the T 12 (dimV+1) action re-
stricts to an action on the cut manifold V[0,∞) turning it also into a contact toric man-
ifold. The moment cone corresponding to V[0,∞) is the intersection of the cone of V in
R 12 (dimV+1) = Lie(T 12 (dimV+1))∗ with the half space {x ∈ R 12 (dimV+1); 〈x, ξ〉 ≥ 0} where
ξ ∈ Lie(T 12 (dimV+1)) is the infinitesimal generator of the chosen S1. The following easy
observation will be used repetitively throughout Section 4.2.
Lemma 3.10. Any contactomorphism of V[0,∞), compactly supported in V[0,∞) \ V0, can be
extended to a contactomorphism of the whole V . Therefore, if L ⊂ µ−1α ((0,∞)) ⊂ V is a
pre-Lagrangian displaceable in V[0,∞) by a contact isotopy supported in V[0,∞) \ V0, then it
is displaceable in V .
Example 3.11. The standard T2 action on the contact toric manifold V := S1 × S2 ⊂
S1 × R × C comes from the standard S1 actions on S1 and on C. The associated moment
cone is presented on the left picture in Figure 1. (This space is a representative of the family
Tk × S2d+k−1 discussed in Section 4.2.) Performing a contact cut with respect to the circle
S1 = {(t, t) ∈ T2} we obtain a contact toric manifold V[0,∞) whose moment cone is presented
on the right picture. This cone differs from the moment cone of S3 with the standard contact
structure, viewed as the prequantization of (CP1, 1
pi
ωFS), by a GL(2,Z) transformation (see
Example 3.1). Therefore V[0,∞) is contactomorphic to (S3, ξst) and the toric action differs
(from the action on S3 viewed as the prequantization of CP1) just by a reparametrization
of the torus. In particular the torus orbits remain unchanged. Using Proposition 3.3 we
can to lift isotopies of CP1 obtained by the method of probes (Section 3.2) to isotopies
of (S3, ξst). These isotopies displace pre-Lagrangians toric fibers corresponding to the rays
contained in the green region in Figure 2. Moreover, as they are supported in V[0,∞) \ V0,
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S1 × S2
(1, 1)
S3
0
Figure 1. The contact cut of S1×S2 with respect to S1 = {(t, t) ∈ T2} and
the resulting in S3.
they can be extended to isotopies of S1 × S2. Therefore all pre-Lagrangian toric fibers in
S1 × S2 which map to the green region are displaceable.
Figure 2. Pre-Lagrangians displaceable in S3 by isotopies coming from the
probes methods.
4. Displaceability of fibers in non-orderable manifolds
In this Section we prove that for all contact toric manifolds that are presently known to
be not orderable all pre-Lagrangian toric fibers are displaceable. This observation suggest
that the lack of orderability of a contact toric manifold implies displaceability of its toric
fibers. Our proof is done on a case by case basis. Therefore it, unfortunately, does not
explicitly show how the lack of orderability could affect the displaceability of the fibers.
To the best of our knowledge the only contact toric manifolds which are known to be
non-orderable are:
• Contact spheres (S2d−1, ξst), with d ≥ 2, equipped with the standard contact struc-
ture ξst = TS2d−1 ∩ J(TS2d−1).
• Contact toric manifolds Tk × S2d+k−1, with d ≥ 2, k > 0, with contact structure
described explicitly in Section 4.2.
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The first ones are ideal contact boundaries of Cd, i.e. the d-stabilization of a point. The
second ones are ideal contact boundaries of (T ∗S1)k×Cd i.e. the d-stabilization of the Liou-
ville manifolds (T ∗S1)k. They are not orderable by a result of Eliashberg-Kim-Polterovich
(Theorem 1.16 in [15]). It remains an open question whether Tk×Sk+1 are orderable, even
in the case k = 1.
4.1. Contact sphere. The standard contact sphere (S2d−1, ξst) can be presented in com-
plex coordinates as S2d−1 = {(z1, . . . , zd) ∈ Cd |
∑d
j=1 |zj|2 = 1} with ξst given as the kernel
of αst :=
i
4
∑d
j=1(zjdz¯j − zjdzj). The standard Td-action on S2d−1 defined by
(t1, . . . , td) ∗ (z1, . . . , zd) 7−→ (t1z1, . . . , tdzd)
makes the sphere (S2d−1, ξst) a contact toric manifold. The moment map with respect to αst
is µαst(z1, . . . , zd) = pi(|z1|2, . . . , |zd|2). Thus, the moment cone is Rd≥0. A pre-Lagrangian
toric fiber in (S2d−1, ξst) is any submanifold
(2) Lc1,...,cd = {(z1, . . . , zd) ∈ S2d−1 | |zj| = cj, j = 1, . . . , d}
where cj ∈ (0, 1) are constants such that
∑d
j=1 c
2
j = 1. We will now prove Proposition 1.1,
i.e. the fact that all pre-Lagrangian toric fibers are displaceable. In fact a stronger result is
true. We are grateful to Patrick Massot and the referee who independently pointed out to
us that, as long as one does not require the displacing isotopy to displace all pre-Lagrangian
toric fibers simultaneously, one can construct an isotopy displacing one particular fiber in
the following way. (Our original idea, providing one isotopy simultaneously displacing all
the fibers, is explained in Remark 4.2.)
Proposition 4.1. Every closed proper subset of (S2d−1, ξst), with d ≥ 2, is displaceable.
Proof. Let L ⊂ S2d−1 be a closed proper subset and let p ∈ (S2d−1 \ L) be any point. The
key point in this proof is the observation that (S2d−1 \{p}, ξst) is contactomorphic to R2d−1
with its standard contact structure ξ0 = ker(dxd +
∑d−1
j=1 xj ·dyj) (by Proposition 2.1.8 and
Example 2.1.3 in [21]). Denote this contactomorphism by
ψ : (S2d−1 \ {p}, ξst)→ (R2d−1, ξ0).
Observe that any translation in the xd direction is a contactomorphism of (R2d−1, ξ0).
As L is compact, there exists R > 0 such that the contact isotopy {φt}t∈[0,1], with φt
being the translation in xd direction by tR, displaces ψ(L). Let ht denote the contact
Hamiltonian generating the isotopy φt. Let δ be a cut-off function on R2d−1 which is 1
on a neighborhood of ∪t∈[0,1]φt(ψ(L)), and 0 outside of a compact set. Then the isotopy
generated by the contact Hamiltonian δht displaces ψ(L). Moreover, as it is compactly
supported in R2d−1 = ψ(S2d−1\{p}), the isotopy ψ−1 ◦ φt ◦ψ of S2d−1\{p} can be extended
to an isotopy of the whole sphere S2d−1, displacing L. 
Remark 4.2. In fact all pre-Lagrangian toric fibers can be displaced using only one contact
isotopy. In the proof of their non-orderability result, Eliashberg, Kim and Polterovich build
a positive contractible loop as a composition of certain contactomorphisms. One of these
building blocks is an isotopy called a distinguished contact isotopy. In the case of S2d−1 they
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give an explicit formula for this isotopy. Moreover Giroux in [23] gives another formula for a
contact isotopy of S2d−1 playing the same role in the construction of a positive contractible
loop. This contact isotopy displaces all pre-Lagrangian toric fibers in S2d−1, d ≥ 2, as we
now explain. Consider the map τt : B
2d → Cd, t ≥ 0 defined by
τt(z1, . . . , zd) =
1
cosh t+ z1 sinh t
(sinh t+ z1 cosh t, z2, . . . , zd),
where B2d is the unit ball and cosh t = e
t+e−t
2
, sinh t = e
t−e−t
2
([23]). We first observe that
the map τt is well defined because cosh t+ z1 sinh t 6= 0 for every |z1| ≤ 1 and every t ≥ 0.
Indeed, if t = 0 the expression is equal to 1. Suppose there is some t > 0 and z1 = x + iy
such that cosh t+z1 sinh t = 0. That would imply that cosh t+x sinh t = 0 and y sinh t = 0.
Consider the function f(x) = cosh t + x sinh t on the domain |x| ≤ 1, for a fixed constant
t > 0. We have f(−1) = e−t > 0 and f ′(x) = cosh t > 0, hence f(x) > 0 for all |x| ≤ 1. By
a straightforward calculation we check that τt is a complex automorphism of the unit ball
(B2d, i
2
∑
dzj ∧dz¯j). Since every complex automorphism of the unit ball B2d ⊂ Cd restricts
to a contactomorphism of its boundary, i.e. the standard contact sphere (S2d−1, ξst), it
follows that τt is a contactomorphism on S2d−1 for every t ≥ 0. Since τ0 = id, the map τt is
a well defined contact isotopy starting at the identity. Take any pre-Lagrangian toric fiber
L = Lc1,...,cd given by (2). We claim that for t > 0 large enough
L ∩ τt(L) = ∅.
It is enough to show that there exists t > 0 big enough so that for any z1 with |z1| =
c1 ∈ (0, 1), we have | cosh t + z1 sinh t| 6= 1, as this implies that the norm of the second
coordinate changes after applying τt, and thus such τt displaces L. Write z1 = x+ iy, hence
x2 + y2 = c21, and consider the function ft(x) = | cosh t + z1 sinh t|2 − 1, for |x| ≤ c1. Note
that
ft(x) = | cosh t+ z1 sinh t|2 − 1 = (cosh t+ x sinh t)2 + (y sinh t)2 − 1
= cosh2 t+ 2x cosh t sinh t+ c21 sinh
2 t− 1 = sinh2 t+ 2x cosh t sinh t+ c21 sinh2 t
= sinh t(2x cosh t+ (1 + c1) sinh t)
Since sinh t > 0 for t > 0, it is enough to show that for t big enough the expression
(2x cosh t+(1+c1) sinh t) is positive for all |x| ≤ c1 < 1. Take t > 0 such that tanh t > −2x1+c1 .
Such t always exists since tanh t tends to infinity when t is large. For this choice of t we
have that ft(x) > 0 for every |x| ≤ c1 < 1, proving that τt displaces L. 
Remark 4.3. Note that we showed L ∩ τt(L) = ∅ by comparing the norm of the second
coordinate, thus we used the fact that d ≥ 2. In the case d = 1 the map τ is a well defined
contactomorphism of a circle. However as the only pre-Lagrangian of S1 is the whole S1, it
is trivially non-displaceable. 
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4.2. Displaceability of fibers in Tk × S2d+k−1. Consider the contact toric manifold
Tk × S2d+k−1 described as
{(e2piiθ1 , . . . , e2piiθk , x1, . . . , xk, z1, . . . , zd) ∈ Tk × Rk × Cd;
k∑
l=1
x2l +
d∑
j=1
|zj|2 = 1}
with the contact structure given by the kernel of the form
βk =
k∑
l=1
xldθl +
i
4
d∑
j=1
(zjdz¯j − zjdzj).
This is the ideal contact boundary of T ∗ Tk ×Cd, and thus is non-orderable if d ≥ 2 by
Theorem 1.16 in [15]. The toric action of Td+k is given by
(t1, . . . , td, s1, . . . , sk) ∗ (e2piiθ1 , . . . , e2piiθk , x1, . . . , xk, z1, . . . , zd) =
(s1e
2piiθ1 , . . . , ske
2piiθk , x1, . . . , xk, t1z1, . . . , tdzd).
The corresponding βk-moment map, µβk : Tk ×S2d+k−1 → Lie(Td+k)∗ = Rd+k is
µβk(e
2piiθ1 , . . . , e2piiθk , x1, . . . , xk, z1, . . . , zd) = pi(|z1|2, . . . , |zd|2, x1, . . . , xk),
thus the moment cone is (R≥0)d × Rk. Pre-Lagrangian toric fibers in Tk × S2d+k−1 are
submanifolds L = Lc1,...,cd given by
{(e2piiθ1 , . . . , e2piiθk , x1, . . . , xk, z1, . . . , zd) ∈ Tk × S2d+k−1 ; |zj| = cj, j = 1, . . . , d}
for some x1, . . . , xk ∈ R and c1, . . . , cd > 0 such that
∑k
l=1 x
2
l +
∑d
j=1 c
2
j = 1, and thus they
correspond to the rays {t(c1, . . . , cd, x1, . . . , xk); t ∈ R+} in
(R>0)d × Rk ⊂ Cone(µβk(Tk × S2d+k−1)).
In this subsection we show that all pre-Lagrangian toric fibers in (Tk × S2d+k−1, ker βk),
d ≥ 1, k ≥ 1, are displaceable. To construct a contact isotopy displacing a given pre-
Lagrangian toric fiber L of Tk × S2d+k−1 we will look at a manifold obtained via contact
cutting Tk × S2d+k−1 with respect to appropriate circles.
Proof of Theorem 1.2 with d ≥ 2.
Case k = 1. We start by analyzing S1 × S2d. The cone corresponding to this contact toric
manifold is C = CS1×S2d = Rd≥0 × R, and its outward normals are −e1, . . . ,−ed. Perform
a contact cut with respect to the diagonal circle in Td+1 (see Section 3.4). Denote the
moment map for that circle by µ+, i.e. µ+(θ, x, z1, . . . , zd) 7→ pi(x +
∑d
j=1 |zj|2), and the
resulting cut manifold by
M+ := (µ+)−1([0,∞))/ ∼ .
It is a contact toric manifold corresponding to the convex cone, C1 = C
+
1 , obtained from C
by cutting it with the hyperplane perpendicular to the vector −∑d+1l=1 el. This means that
C1 is spanned by the directions: ed+1 and ei− ed+1 for i = 1, . . . , d. In fact it is the contact
toric sphere S2d+1. Indeed, as we have already seen in Example 3.1 contact sphere S2d+1,
viewed as the prequantization of (CPd, 1
pi
ωFS), is the contact toric manifold corresponding
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to the cone, which we call C2, whose edges are in the directions ei + ed+1, for i = 1, . . . , d.
The GL(d+ 1,Z) transformation given by the following lower triangular matrix (only the
last row and the diagonal have non-zero entries) maps the cone C1 to the cone C2.
A1 =

1
1
. . .
1
2 2 . . . 2 1
 .
Note that d = 1 is exactly the case described in Example 3.11 and on Figure 1.
To construct isotopies displacing pre-Lagrangian toric fibers in S2d+1 we will use Lemma
3.2 and isotopies displacing Lagrangian toric fibers in (CPd, 1
pi
ωFS) obtained via McDuff’s
method of probes (see Example 3.2). The point of using these particular isotopies of S2d+1
(instead of, for example, isotopies from Proposition 4.1) is that we know their support: it
is far from the “cut” and therefore these isotopies of S2d+1 are extendable to isotopies of
S1 × S2d.
Recall that (CPd, 1
pi
ωFS) is a symplectic toric manifold whose moment map image is the
d-dimensional simplex of size 1, ∆d(1). For each i = 1, . . . , d let Fi denote the facet of ∆
d(1)
whose outward normal is −ei. The vector ei can be used as a direction of a probe. This way
we can displace all Lagrangian toric fibers in CPd corresponding to points x ∈ ∆d(1) ⊂ Rd
such that
x =
1
2
aiei +
∑
l 6=i
alel, with a1, . . . , ad > 0
(i.e. to the points in the interior of the convex hull of points 0, 1
2
ei, and {el}l 6=i) by an
isotopy with support contained in the preimage of Int ∆d(1) ∪ Int Fi. Lifting this isotopy
to the sphere we can displace any pre-Lagrangian toric fiber corresponding to a ray through
y ∈ C2 ⊂ Rd+1 such that
y = ai(2ed+1 + ei) + ad+1ed+1 +
∑
l 6=i, d+1
al(el + ed+1), with a1, . . . , ad+1 > 0
(i.e. of the interior of the cone spanned by the directions
e1 + ed+1, . . . , ei−1 + ed+1, ei + 2ed+1, ei+1 + ed+1, . . . , ed + ed+1, ed+1)
with an isotopy supported on the preimage of Int C2 ∪ Int F˜i, where F˜i is the facet of C2
with normal −ei. (Figure 2 in Example 3.11 presents this set for the case d = 1.) The map
A−11 , mapping the cone C2 to the cone C1 of the cut space M+, maps this set to the set of
points
y = aiei + ad+1ed+1 +
∑
l 6=i, d+1
al(el − ed+1), with a1, . . . , ad+1 > 0.
These are the points y = (y1, . . . , yd+1) ∈ C1 with yl > 0 for l ∈ {1, . . . , d}, and yd+1 >
−∑l 6=i, d+1 yl. In particular this includes
(R>0)d × R≥0, if d > 1, and (R>0)1 × R>0, if d = 1.
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Note that all these isotopies are supported away from the facet of C1 with normal−
∑d+1
l=1 el.
Therefore, by Lemma 3.10, these isotopies can be extended to isotopies of the whole S1×S2d.
We now repeat the whole construction but starting with contact cutting with respect to
the circle (t, . . . , t, t−1) ∈ Td × S1. The moment map for that circle is
µ−(θ, x, z1, . . . , zd) 7→ pi(−x+
d∑
i=1
|zi|2).
Thus the cut manifold M− := (µ−)−1([0,∞))/ ∼ is a contact toric manifold corresponding
to the cone, C−1 , spanned by the edges −ed+1 and ei + ed+1 for i = 1, . . . , d. The resulting
cut space is again a toric contact sphere S2d+1. Repeating the whole process we construct
isotopies of S1× S2d that displace, in particular, pre-Lagrangian toric fibers corresponding
to the rays in (R>0)d × R≤0 if d ≥ 2, and to the rays in R>0 × R<0 if d = 1.
Putting these two steps together we are able to displace all pre-Lagrangian toric fibers
of S1 × S2d if d ≥ 2, and all fibers in S1 × S2 apart from the fiber corresponding to the ray
{(y1, 0); y1 ∈ R≥0} if d = 1. It will be shown later that this fiber is also displaceable.
General case. To obtain a sphere as a cut manifold of Tk × S2d+k−1 and displace
certain fibers as we did above for the case k = 1, we need to cut Tk × S2d+k−1 k times in
2k different ways. To keep a record of the cuts we introduce the following notation. For
any j ∈ {1, . . . , k} and any εj ∈ {−1, 1}, let S1j,εj denote the circle subgroup of Td × Tk
generated by
(t, . . . , t; 1, . . . , 1, tεj , 1, . . . , 1),
where tεj is at the position d + j. For any ε = (ε1, . . . , εk) ∈ {−1, 1}k let M ε denote the
contact toric manifold obtained from T k × S2d+k−1 by consecutive performing k contact
cuts, with respect to circles S11,ε1 , ..., S
1
k,εk
. We denote the corresponding moment cone by
Cε1 . Observe that C
ε
1 is the cone in Rd+k with (d+ k) facets whose outward normals are
−e1, . . . ,−ed, ηεj := −
d∑
i=1
ei − εjed+j, j = 1, . . . , k.
The edges of this cone have directions
εjed+j, j = 1, . . . , k,
and
ei −
k∑
j=1
εjed+j, i = 1, . . . , d.
The facets of Cε1 created by cutting are the ones with normals ηεj , j = 1, . . . , k. Thus there
is a contactomorphism between the preimage in M ε of Cε1 \ { facets with normals ηεj , j =
1, . . . , k}, which we denote by U ε, and an open subset of Tk×S2d+k−1. Any contact isotopy
of M ε compactly supported in U ε can be extended to a contact isotopy of the whole
Tk × S2d+k−1.
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Note that the space M ε is contactomorphic to the standard contact sphere S2d+2k−1
and the action differs only by a reparametrization of the torus. Indeed, the GL(d + k,Z)
transformation given by the following matrix
Aε1 =

1
. . .
1
1 . . . 1 ε1
. . .
. . .
1 . . . 1 εk−1
1 + k . . . 1 + k ε1 . . . εk−1 εk

maps
ei −
k∑
j=1
εjed+j 7→ ei + ed+k, i = 1, . . . , d
εjed+j 7→ ed+j + ed+k, j = 1, . . . , k − 1,
εked+k 7→ ed+k.
Therefore Aε1 maps the cone C
ε
1 to the cone, that we denote by C
ε
2 , of the contact toric
sphere S2d+2k−1 viewed as the prequantization of (CPd+k−1, 1
pi
ωFS).
Observe that the facet of Cε1 with normal ηεj , j = 1, . . . , k − 1, is the cone with the
edges in the directions εled+l, l ∈ {1, . . . , k} \ {j} and ei −
∑k
j=1 εjed+j, i = 1, . . . , d. Such
facet is mapped by Aε1 to the facet of C
ε
2 which is the cone with the edges in the directions
ed+l + ed+k, l ∈ {1, . . . , k} \ {j, k}, ed+k and ei + ed+k for i = 1, . . . , d, i.e. the facet of Cε2
with normal −ed+j. The facet of Cε1 with normal ηεk , i.e. the cone whose edges are in the
directions εled+l, l ∈ {1, . . . , k−1} and ei−
∑k
j=1 εjed+j, i = 1, . . . , d, is mapped by A
ε
1 to the
facet of Cε2 which is the cone with the edges in the directions ed+l+ed+k, l ∈ {1, . . . , k−1},
and ei + ed+k for i = 1, . . . , d, i.e. the facet of C
ε
2 with normal −
∑d+k
l=1 el. Therefore the
contactomorphism mentioned above is between an open subset U ε of Tk×S2d+k−1 and the
preimage in S2d+2k−1 of the set
Cε2 \ { facet with normal (−
d+k∑
l=1
el) and facets with normals − ed+j, j = 1, . . . , k − 1}.
Similarly to the case of S1 × S2d analyzed before, we displace certain pre-Lagrangian
toric fibers in M ε by isotopies that are the lifts of isotopies of CPd+k−1 obtained via the
method of probes. For i = 1, . . . , d let Fi denote the facet of ∆
d+k−1(1), the moment cone
of (CPd+k−1, 1
pi
ωFS), with normal −ei. As we have already observed, the vector ei can be
used as a direction of a probe, producing an isotopy of CPd+k−1 displacing Lagrangian toric
fibers corresponding to
x =
1
2
aiei +
∑
l 6=i
alel, with a1, . . . , ad+k−1 ≥ 0,
d+k−1∑
l=1
al < 1,
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by an isotopy with support contained in the preimage of Int ∆d+k−1(1) ∪ Int Fi. Lifting
this isotopy to the sphere we can displace any pre-Lagrangian toric fiber corresponding to
a ray through y ∈ Cε2 ⊂ Rd+k such that
y = ai(2ed+k + ei) + ad+ked+k +
∑
l 6=i, d+k
al(el + ed+k), with a1, . . . , ad+k ≥ 0,
with an isotopy supported in the preimage of Int Cε2 ∪ Int F˜i, where F˜i is the facet of Cε2
with normal −ei. The image of this set under the linear map
(Aε1)
−1 =

1
. . .
1
−ε1 . . . −ε1 ε1
−ε2 . . . −ε2 . . .
. . . εk−1
−2εk . . . −2εk −εk . . . −εk εk

,
mapping the cone Cε2 to the cone C
ε
1 , is the set of points
y = ai(ei −
k−1∑
j=1
εjed+j) + ad+kεked+k +
∑
l∈[d]\{i}
al(el −
k∑
j=1
εjed+j) +
k−1∑
l=1
ad+l(εled+l),
with a1, . . . , ad+k > 0. Here we used the symbol [d] to denote the set {1, . . . , d}. These are
the points y = (y1, . . . , yd+k) ∈ Cε1 with coordinates
y = (a1, . . . , ad, ε1(ad+1 −
∑
l∈[d]
al), . . . , εk−1(ad+k−1 −
∑
l∈[d]
al), εk(ad+k −
∑
l∈[d]\{i}
al)),
that is, the points y = (y1, . . . , yd+k) ∈ Cε1 with yl > 0 for l ∈ [d], and
εjyd+j +
∑
l∈[d]
yl = ad+j > 0, for all j = 1, . . . , k − 1,
εjyd+k +
∑
l∈[d]\{i}
yl = ad+k > 0.
This set contains, in particular, the set
(R>0)d × ε1 R≥0 × . . .× εkR≥0,
if d ≥ 2, and if d = 1 the set
R>0 × ε1 R≥0 × . . .× εk R>0 .
Here εjR≥0 denotes the set {x ∈ R | εjx ≥ 0}. The isotopies are supported only in the
preimage of
Int Cε1 ∪ Int of the facet with normal (−ei)
and thus can be extended to isotopies of the whole Tk×S2d+k−1. Therefore the correspond-
ing fibers are displaceable in Tk × S2d+k−1.
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The above procedure can be performed for each ε ∈ {−1, 1}k. In this way we can displace
all pre-Lagrangian toric fibers in Tk × S2d+k−1 corresponding to the rays in (R>0)d × Rk
if d ≥ 2, and to the rays in R>0 × Rk−1 × R6=0 if d = 1. In particular we displace all pre-
Lagrangian toric fibers in Tk×S2d+k−1 for d ≥ 2, and all apart from the fibers corresponding
to the rays {(y1, . . . , yk, 0)} in R>0 × Rk if d = 1.
Note that while mapping the cone Cε1 to the cone C
ε
2 , we made a choice to map the
direction of εd+ked+k to ed+k. The direction ed+k is special while viewing the sphere as the
prequantization of the projective space, as it corresponds to the direction of the fibers of
prequantization map (Reeb direction). We could have made a different choice and require
that Aε1 maps the direction of εd+jed+j to ed+k for some j = 1, . . . , k − 1. Repeating the
whole procedure with this choice allows us to displace the fibers corresponding to the rays
y = (y1, . . . , y1+k) ∈ R>0 × Rk with yj+1 6= 0. Still, this method does not displace the
pre-Lagrangian fiber corresponding to the ray y = (y1, 0, . . . , 0) ∈ R>0 × Rk. Recall that
in the case k = 1 and d = 1 we have also displaced all the fibers apart from the fiber
corresponding to the ray y = (y1, 0) ∈ R>0 × R. Performing a similar procedure with the
use of lens spaces instead of spheres allows us to displace these special pre-Lagrangian toric
fibers, as we now explain.
Special fibers of the case d = 1. Let k ≥ 1. Fix a prime number p and consider
the prequantization of (CPk, p
pi
ωFS), i.e. the lens space L
2k+1
p = S2k+1/Zk with the contact
structure induced from the standard contact structure on the sphere. This is a contact
toric manifold whose contact moment cone, that we denote C3, is the convex cone in Rk+1
spanned by the directions ηl = pel + ek+1, for l = 1, . . . , k, and ηk+1 = ek+1. Applying the
GL(k + 1,Z) transformation (Aε1)−1 for ε = (1, . . . , 1) =: 1 we obtain a convex cone, C1,
whose edges are in the directions
(A11)
−1(pe1 + ek+1) = pe1 −
k∑
l=2
pel + (−2p+ 1)ek+1, (A11)−1(ek+1) = ek+1,
(A11)
−1(pej + ek+1) = pej + (−p+ 1)ek+1, j = 2, . . . , k.
The outward normals of this cone are
η1 := −e1, ηj := −e1 − ej, for j = 2, . . . , k,
and
ηk+1 := (k − (k + 1)p) e1 +
(
(1− p)
k−1∑
j=2
ej
)
− pek+1 =
(k − (k + 1)p, 1− p, . . . , 1− p, −p) .
Observe that this is the cone one obtains from R≥0×Rk, i.e. the moment cone of Tk×Sk+1,
after k contact cuts with respect to the circles generated by the vectors −ηj for j = 2, . . . , k,
and −ηk+1. Similarly as above one shows that any contact isotopy of L2k+1p compactly
supported in the preimage of
C1 \ {facets with normals η2, . . . , ηk+1}
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= (A11)
−1(C3 \ {facets with normals − e2, . . . ,−ek, (
k∑
j=1
ej)− pek+1})
can be extended to an isotopy of Tk × Sk+1. Observe that, using the method of probes,
for probes in (CPk, p
pi
ωFS) supported in the facet with the outward normal −e1 one can
displace all the fibers corresponding to the points in C3 which are contained in a convex
cone, denoted by Cdisp3 , spanned by the directions
pe1 + 2ek+1, pej + ek+1, j = 2, . . . , k, and ek+1.
Note that (A11)
−1(Cdisp3 ) is the convex cone spanned by the directions
pe1 − p
k∑
l=2
el + (−2p+ 2)ek+1, pej + (−p+ 1)ek+1, j = 2, . . . , k, and ek+1.
Therefore pre-Lagrangian toric fibers corresponding to the rays in (Aε1)
−1(Cdisp3 ) ⊂ R≥0×Rk
are displaceable. Note that (Aε1)
−1(Cdisp3 ) contains the set {(y1, 0, . . . , 0)}. Indeed, given any
(y1, 0, . . . , 0) ∈ R>0 × Rk note that
y1
p
(pe1 − p
k∑
l=2
el + (−2p+ 2)ek+1) + y1
p
k∑
j+2
pej + (−p+ 1)ek+1 + (k + 1)y1
p
(p− 1)ek+1
= (y1, 0, . . . , 0).

Example 4.4. To illustrate this idea better we take a closer look at the case when k = 2.
Then the cone C3 is spanned by the directions η1 = pe1 + e3, η2 = pe2 + e3, and η3 = e3.
The matrix
(A11)
−1 =
 1 0 0−1 1 0
−2 −1 1

maps the cone C3 to a cone, called C1, spanned by the directions
(p,−p,−2p+ 1), (0, p,−p+ 1), (0, 0, 1).
The outward normals of C1 are
η1 = (−1, 0, 0), η2 = (−1,−1, 0), η3 = (2− 3p, 1− p,−p).
One obtains C1 from R≥0 × R2, i.e. the moment cone of T2 × S3, by performing two
contact cuts with respect to the circles generated by the elements −η2 = (1, 1, 0) and
−η3 = (3p − 2, p − 1, p) in the Lie algebra of T3. Any contact isotopy of L5p compactly
supported in the preimage of
C1 \ {facets with normals (−1,−1, 0), (2− 3p, 1− p,−p)}
= (A11)
−1(C3 \ {facets with normals (0,−1, 0), (1, 1,−p)})
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can be extended to an isotopy of T2×S3. Viewing L5p as the prequantization of (CP2, ppiωFS)
one construct isotopies, with compact supports contained in the above sets, displacing pre-
Lagrangian toric fibers of L5p corresponding to the rays in the interior of the cone C
disp
3
spanned by the directions (p, 0, 2), (0, p, 1), and (0, 0, 1). Then the set (A11)
−1(Cdisp3 ) is a
cone spanned by the directions (p,−p,−2p+ 2), (0, p,−p+ 1), and (0, 0, 1) and it contains
the set R>0 × {0} × {0} as given any (y, 0, 0) we have that
y
p
(p,−p,−2p+ 2) + y
p
(0, p,−p+ 1) + 3y
p
(3p− 3)(0, 0, 1) = (y, 0, 0).
5. Free torus actions and non-displaceability of pre-Lagrangian toric
fibers.
In this section we prove that in all contact toric manifolds with free toric action, except
possibly for non-trivial principal T3-bundles over S2, all pre-Lagrangian toric fibers are
non-displaceable. Moreover we show that all contact toric manifolds whose toric action is
not free have uncountably many displaceable pre-Lagrangian toric fibers. Note that when
the toric action is free then every orbit is a pre-Lagrangian. From Lerman’s classification of
contact toric manifolds, recalled here on page 5, it follows that the contact toric manifolds
equipped with a free toric action are (T3, kerαk), k ≥ 1, and principal Td bundles over
Sd−1 with the unique Td-invariant contact structures. Note that if d 6= 3 such bundle must
be trivial. Indeed, principal Td-bundles over a manifold are classified by homotopy classes
of maps from this manifold to the classifying space BTd = (CP∞)d. As (CP∞)d is an
Eilenberg-MacLane space K(Zd, 2), there is a bijection between the set of these homotopy
classes of maps and the second cohomology group of the given manifold with coefficients
in Zd. Therefore principal Td bundles over Sd−1 are classified by H2(Sd−1;Zd). This group
is trivial for d 6= 3 and equal to Z3 for d = 3. Therefore compact connected contact toric
manifolds with a free toric action are:
• In dimension 3: (T3, kerαk), k ≥ 1.
• In dimension 5: a Z3 collection of principal T3-bundles over S2, each with a unique
T3-invariant contact structure.
• In dimension greater than 5: Td × Sd−1, d ≥ 4, with a unique Td-invariant contact
structure.
Below we show that all pre-Lagrangian toric fibers in (T3, kerαk) and in the trivial
principal bundles Td × Sd−1, with d ≥ 3, i.e. in the cosphere bundles of tori, are non-
displaceable. So far we were unable to prove non-displaceability of orbits in non-trivial
principal T3 bundles over S2. These contact toric structures are explicitely described in
[31] where it is shown that each of them is contactomorphic to one of T2 × Lk, k ∈ N,
(L1 = S3) with the unique contact toric structure (up to a reparametrization of the torus)
and that the contact toric structure on T2×Lk = T2× (S3/Zk) is induced by the diagonal
Zk-action on S3-factor of T2×S3. Thus, in order to prove that all pre-Lagrangian toric fibers
in T2×Lk, k > 1, are non-displaceable it would be enough to prove that all pre-Lagrangian
toric fibers in T2 × S3 are non-displaceable.
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5.1. Non-displaceability in (T3, kerαk). In this section we prove Proposition 1.5, i.e.
the fact that every pre-Lagrangian toric orbit in the contact toric manifold (T3 = S1(θ) ×
T2(θ1,θ2), kerαk), with k ≥ 1, where αk = cos(2pikθ) dθ1 + sin(2pikθ) dθ2, is non-displaceable.
We are grateful to Patrick Massot and the anonymous referee for explaining to us how the
proof follows from the classification of tight contact structures on T2 × [0, 1].
The toric T2-action on (T3, kerαk) is given by (t1, t2) ∗ (θ, θ1, θ2) = (θ, θ1 + t1, θ2 +
t2). The moment map with respect to the contact form αk is given by µk(θ, θ1, θ2) =
(cos(2pikθ), sin(2pikθ)). Therefore each fiber of µk has k connected components. The mani-
folds (T3, kerαk) with k > 1 are the only contact toric manifolds with disconnected moment
map fibers.
Proof of Proposition 1.5. Let Lθ = {θ} × T2 be a toric orbit, i.e. a connected component
of some pre-Lagrangian toric fiber in (T3, kerαk). Suppose that there exists a contact
isotopy {φt}t∈[0,1] such that φ0 is the identity and φ1(Lθ) ∩ Lθ = ∅. Then one can lift this
isotopy to an isotopy of (R× T2, ker(cos(2piθ) dθ1 + sin(2piθ) dθ2)) using the covering map
R × T2 → S1 × T2 given by (θ, θ1, θ2) 7→ ( 1kθ, θ1, θ2), which is a local contactomorphism.
Let {Φt}t∈[0,1] denote the lift of {φt}t∈[0,1] to an isotopy of R × T2. Then Φt displaces
L = {kθ} × T2. As L is compact, one can construct a smooth “cut-off” function, i.e. a
function with compact support, which is 1 on a neighborhood of ∪t∈[0,1]Φt(L). Multiplying
the contact Hamiltonian generating Φt by this cut-off function, we can modify Φt to an
isotopy with compact support contained in (kθ − a, kθ + a) × T2 for some integer a > 0.
By a slight abuse of notation we still call the resulting isotopy Φt.
Let N denote the region in [kθ − a, kθ + a] × T2 which is bounded by the disjoint pre-
Lagrangian 2-tori L and L1 := Φ1(L). The two boundary components of N are boundary
parallel in the (irreducible) manifold [kθ−a, kθ+a]×T2, and therefore N is diffeomorphic
to [0, 1]× T2.
Let ξN denote the contact structure on N induced by the universally tight contact struc-
ture of the ambient space, R×T2. (The universal cover of R×T2 is (R3, ker(cos(2piθ) dθ1 +
sin(2piθ) dθ2)), which is contactomorphic to R3 with the standard contact structure and
thus is tight by a result of Bennequin.) Thus the contact structure ξN on N is also univer-
sally tight, and (N, ξN) is contactomorphic to one of the structures in Giroux’s classification
(Theorem 1.5 [22]; We remark here that a classification of tight contact structures on a
thickened torus was also obtained independently by Honda, [26]). The characteristic folia-
tions on both (pre-Lagrangian) boundary components of N are linear foliations of the tori,
and both with the same direction. By results in [22] such contact manifolds are classified
by their pi-torsion as we explain in the next paragraph.
In [22] Giroux analyses the set SCT (I × T2) of tight contact structures on I × T2 with
given characteristic foliations on the boundary. The connected components of this set are,
by a theorem of Gray, the isotopy classes (for isotopies fixing the boundary) of contact
structures on I × T2. Theorem 1.5 in [22] states in particular that if the characteristic
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foliation on the boundary is topologically linearizable2 then the map (χ∂, τpi) from SCT (I×
T2) toH1(I×T2;Z)×N, sending a tight contact structure to the pair (its relative Euler class,
its pi-torsion), has connected fibers. Moreover the theorem specifies the image of (χ∂, τpi) on
universally tight contact structures. For universally tight contact structures with identical
linear characteristic foliations on the boundary the image is {0}×N ⊂ H1(I ×T2;Z)×N.
Indeed, foliations on both boundary components generate the same element σ ∈ H1(T2;R).
Thus, using the notation from [22], B = {σ} and Xu = {0}. Therefore in this case the
relative Euler class vanishes and the (isotopy classes of) contact structures are classified
by their pi-torsion.
Therefore the contact manifold (N, ξN) is contactomorphic to [kθ, kθ + b]× T2 with the
contact structure given by ker(cos(2piθ) dθ1 + sin(2piθ) dθ2), for some b ∈ Z>0. It follows
that the isotopy Φt induces a contactomorphism from ([kθ−a, kθ]×T2, ker(cos(2piθ) dθ1 +
sin(2piθ) dθ2)) to ([kθ − a, kθ + b]× T2, ker(cos(2piθ) dθ1 + sin(2piθ) dθ2)). These manifolds
have different pi-torsions (by Proposition 3.42 of [22]) and thus such a contactomorphism
contradicts the aforementioned classification of tight contact structures on [0, 1]×T2 (The-
orem 1.5 [22]). This proves that Lθ must be non-displaceable. 
5.2. Non-displaceability in cosphere bundles of tori. Let N be a smooth manifold
and P+T
∗N the corresponding cosphere bundle. The Liouville form on T ∗N descends to a
contact form on P+T
∗N making it a contact manifold. Its symplectization S(P+T ∗N) is
T ∗N without the zero section. Since the graph of any closed 1-form on N is a Lagrangian
submanifold of T ∗N, it follows that the graph L˜α of a nowhere vanishing closed 1-form
α is a Lagrangian submanifold in the symplectization. If pi : S(P+T
∗N) → P+T ∗N is
the projection then Lα = pi(L˜α) is a pre-Lagrangian submanifold in P+T
∗N . Thus to
every nowhere vanishing closed 1-form on N corresponds a pre-Lagrangian submanifold in
P+T
∗N. If N is a torus Td, one obtains as its cosphere bundle the contact manifold
P+T
∗Td ∼= Td × Sd−1 = {(e2piiθ1 . . . , e2piiθd , x1, . . . , xd) ∈ Td × Rd |
d∑
i=1
x2i = 1}
with the contact structure given by the kernel of the 1-form
∑d
i=1 xidθi. The Td-action on
(Td × Sd−1, ker(∑di=1 xidθi)) defined by
(t1, . . . , td) ∗ (e2piiθ1 , . . . , e2piiθd , x1, . . . , xd)→ (t1e2piiθ1 , . . . , tde2piiθd , x1, . . . , xd),
is an effective action by contactomorphisms and thus it turns Td × Sd−1 into a contact
toric manifold. The moment map, µ : Td × Sd−1 → (Rd)∗, associated to the contact form∑d
i=1 xidθi is given by
µ(e2piiθ1 . . . , e2piiθd , x1, . . . , xd) = pi(x1, . . . , xd).
Hence, every pre-Lagrangian toric fiber in Td×Sd−1 is of the form Td×{p}, for some point
p ∈ Sd−1. All these orbits are non-displaceable as we now explain.
2The characteristic foliation on the boundary T2 is called topologically linearizable if all the orbits are
dense or all the orbits are closed.
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Proof of Proposition 1.4. Take any pre-Lagrangian toric fiber Td × {p}, p = (p1, . . . , pd) ∈
Sd−1, and observe that Td × {p} is the pre-Lagrangian corresponding to the graph of the
nowhere vanishing closed 1-form
∑d
i=1 pidθi on Td. If all pj’s are rational then Td × {p} is
foliated by (d − 1)-dimensional Legendrians. Such Legendrians cannot be displaced from
Td × {p}: indeed, Corollary 2.5.2 from [14] says that if Λ is any of these Legendrians
and {ϕt} is any contact isotopy, with ϕ0 = id and ϕ1(Λ) transverse to Td × {p}, then
the number of intersection points ϕ1(Λ) ∩ (Td × {p}) is at least 2d−1. In particular, Td ×
{p} is non-displaceable. As the set of points p with rational coefficients is dense in Sd−1,
and displaceability is an open property, we deduce that all pre-Lagrangian toric fibers
Td × {p} are non-displaceable. Alternatively, instead of [14], one could use Example 2.4.A
from [16] showing that these fibers are not only non-displaceable, but also stably non-
displaceable. 
5.3. Displaceability of pre-Lagrangian toric fibers when a toric action is not
free. The goal of this Section is to prove Theorem 1.6, i.e. to show that every compact
connected contact toric manifold for which the toric action is not free contains uncountably
many displaceable pre-Lagrangian toric fibers. The idea of the proof is the following. We
consider separately manifolds of Reeb and not of Reeb type. We show that the first ones
are prequantizations of symplectic toric orbifolds (Lemma 5.1 below), and thus one can
displace their fibers using the methods of Section 3.1 (Corollary 5.2 below). The second
ones are either overtwisted contact toric manifolds of dimension 3 or Tk × S2d+k−1 with
d ≥ 1, k ≥ 1. In Proposition 5.3 below we analyze the 3-dimensional overtwisted case
and displace uncountably many fibers using the method of contact cuts. All the fibers of
Tk×S2d+k−1, d ≥ 1, k ≥ 1, are displaceable by Theorem 1.2, already proved in Section 4.2.
5.3.1. Contact toric manifolds of Reeb type. Let (V 2d−1, ξ) be a contact toric manifold and
α a Td-invariant contact form for ξ, giving rise to the α-moment map µα. Then the flow
of the Reeb vector field Rα preserves the level sets of µα, as for any point p ∈ V and any
vector X ∈ Lie(Td), we have
〈dµα(Rα(p)), X〉 = dα(Rα(p), X) = 0,
implying that dµα(Rα(p)) = 0 for all p ∈ V (Lemma 7.7.4 [21]). Thus the Reeb orbit is
contained in the Td-orbit. If in addition the Reeb vector field corresponds to some η ∈ td
in the Lie algebra of Td then V is called a contact toric manifold of Reeb type. For these
manifolds one can always perturb a contact form (keeping same contact structure) so that
an integral multiple of the associated Reeb vector field corresponds to a lattice element
η ∈ tdZ and thus the Reeb flow generates an S1-action which is a subaction of the action
of Td ([11]). In that case the image of the contact moment map is a good strictly convex
cone (Definition 2.17 in [28]), namely a cone over a convex polytope (Theorem 4.9 in [11]).
Moreover, such contact manifolds can be obtained as contact reductions of the standard
contact sphere (Theorem 5.1 in [11]).
Let V be any contact toric manifold of Reeb type and C the corresponding good strictly
convex cone. Denote by v1, . . . , vN ∈ Zd the primitive inward vectors normal to the facets
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of the cone C. That is
C =
N⋂
i=1
{x = (x1, . . . , xd) ∈ (Rd)∗|〈x, vi〉 ≥ 0}.
For any R =
∑N
i=1 aivi with a1, . . . , aN ∈ R>0 there exists a Td-invariant contact form α
such that R = Rα is the Reeb vector field corresponding to it (Proposition 2.19 in [3]). Take
any such R in the lattice of the Lie algebra of T , i.e. R =
∑N
i=1 aivi ∈ tdZ, a1, . . . , aN ∈ R>0.
The corresponding Reeb flow generates an S1-action on V and one can perform symplectic
reduction of the symplectization SV with respect to the lift of that S1-action. The result
of this reduction is a symplectic orbifold M and V is a prequantization of M (Theorem
2.7 in [10]; see also Lemma 3.7 in [29]). Recall that symplectic toric orbifolds are classified
by rational and simple polytopes with positive integral labels attached to each facet ([30]).
The points in the preimage of a facet with label m have neighborhoods modeled on Cd/Zm.
The polytope corresponding to M is the intersection of the moment cone C for V with the
hyperplane perpendicular to R. Note that this intersection is always a compact polytope.
Indeed, if the hyperplane is given by h := {x ∈ (Rd)∗ | 〈x,R〉 = c} then any x ∈ C ∩ h
must satisfy
a1〈x, v1〉+ · · ·+ aN〈x, vN〉 = c, 〈x, v1〉 ≥ 0, . . . , 〈x, vN〉 ≥ 0.
As aj > 0 and v1, . . . , vN generate the whole Rd (due to strict convexity), the above
condition implies that 0 ≤ 〈x, vj〉 ≤ caj and C ∩ h is compact (it is empty if c < 0). The
facets of the polytope of M are intersections of the facets of C with the hyperplane h. The
label of a facet corresponding to the facet of C with inward normal vj is the index of the
lattice generated by vj and R inside spanR(vj, R)∩Zd, where Zd is the lattice of Rd = td. If
the collection {vj, R} can be completed to a Z basis of Zd, the label on the corresponding
facet is 1.
Lemma 5.1. If V is a contact toric manifold of Reeb type then V can be presented as a
prequantization of some symplectic toric orbifold having at least one label equal to 1.
Proof. Let C be a good, strictly convex cone corresponding to V , with inward normals
v1, . . . , vN ∈ Rd. Suppose the facets corresponding to normals v1, . . . , vd−1 intersect in an
edge. The assumption that the cone is good implies that the vectors v1, . . . , vd−1 form
a Z-basis of Zd−1 = spanR(v1, . . . , vd−1) ∩ tZ. Without loss of generality we can assume
that v1 = (1, 0, . . . , 0), ... , vd−1 = (0, . . . , 0, 1, 0). We show that one can choose aj > 0,
j = 1, . . . , N , so that R =
∑N
j=1 ajvj = (c1, . . . , cd−1, 1) or R = (c1, . . . , cd−1,−1) with each
cj ∈ Z. In both cases the collection {v1, . . . , vd−1, R} forms a Z-basis of Zd. This implies
that V is a prequantization of a symplectic toric orbifold obtained as a reduction of SV by
the circle action generated by R, and that facets of this orbifold corresponding to normals
v1, . . . , vd−1 have labels 1.
For each vj let (vj,1, . . . , vj,d) denote its coordinates. Suppose that at least one of vd,d, . . . , vN,d
is positive. With this assumption, we find constants aj > 0 such that R =
∑N
j=1 ajvj =
(c1, . . . , cd−1, 1). (If all vd,d, . . . , vN,d were non positive we would similarly find aj > 0, so
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that R = (c1, . . . , cd−1,−1) ∈ Zd.) Note that at least one of vd,d, . . . , vN,d is non-zero as
v1, . . . , vN form a basis of Rd. Take any ad, . . . , aN ∈ R+ such that
∑N
j=d aj vj,d = 1 (so
also
∑N
j=1 aj vj,d = 1). For aj, j = 1, . . . , d − 1, take any positive real number such that
aj +
∑N
l=d al vl,j is an integer. For example one can take aj = −
∑N
l=d al vl,j if this sum was
non-positive, and aj =
⌈∑N
l=d al vl,j
⌉
−∑Nl=d al vl,j if this sum is positive. In both cases∑N
l=1 vl,j = aj +
∑N
l=d al vl,j is an integer. 
Corollary 5.2. Any contact toric manifold V of Reeb type contains uncountably many
displaceable pre-Lagrangian toric fibers.
Proof. The proof uses McDuff’s method of probes for displacing Lagrangian fibers in sym-
plectic toric manifolds ([33], [1]), recalled here in Section 3.2. Though this method was
developed for symplectic toric manifolds, it can be generalized to symplectic toric orbifolds
as long as the probe starts at a facet with label 1. This is because the isotopy constructed
via the method of probes is supported only in a small neighborhood of the preimage of a
probe. A probe is a half open interval almost entirely contained in the interior of a moment
polytope: only the starting point of a probe lies on the interior of a facet. Therefore if only
this facet has label 1, a small enough neighborhood of the preimage of a probe contains
no orbifold points. Using Lemma 5.1, the method of probes and Proposition 3.3 we can
displace uncountably many pre-Lagrangian toric fibers. 
5.3.2. Toric contact manifolds not of Reeb type, with toric action that is not free. Dimen-
sion 3.
We start by analyzing 3-dimensional manifolds separately as these are not, in general,
uniquely determined by their moment cones.
Proposition 5.3. Let V be a 3-dimensional contact toric manifold not of Reeb type and
such that the toric action is not free. Then V contains uncountably many displaceable
pre-Lagrangian toric fibers.
Proof. It was shown by Lerman in Section 6.2 of [28] (proof of Theorem 2.18 (2)) that 3-
dimensional contact toric manifold for which the toric action is not free are diffeomorphic
to lens spaces (including S3 and S1×S2), and are classified by pairs of real numbers (t1, t2)
such that 0 ≤ t1 < 2pi, t1 < t2, and tan ti ∈ Q or cos ti = 0, for each i = 1, 2. The
last condition means that (cos ti, sin ti) ∈ R2 lies on a ray through some (mi, ni) ∈ Z2.
Moreover, the assumption of being not of Reeb type implies that the moment cone is not
strictly convex and thus t1 + pi ≤ t2. The manifold corresponding to (t1, t2), denoted here
by Mt1,t2 , is obtained from R × S1 × S1 with the contact form α = cos t dθ1 + sin t dθ2
at (t, θ1, θ2) ∈ R × S1 × S1 by contact cutting performed twice. Namely, if (mi, ni) ∈ Z2
denotes the primitive integral vector in the direction (cos ti, sin ti), i = 1, 2, then
Mt1,t2 = [t1, t2]× S1 × S1/ ∼,
where the relation∼ denotes the following identifications on the boundary of [t1, t2]×S1×S1:
on {t1} × S1 × S1 we identify the orbits of a circle action generated by −n1 ∂∂θ1 + m1 ∂∂θ2 ,
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and on {t2} × S1 × S1 we identify the orbits of a circle action generated by n2 ∂∂θ1 −m2 ∂∂θ2 .
Topologically this is equivalent to gluing two solid tori along their boundaries by various
automorphisms of the boundary therefore Mt1,t2 is a lens space. The moment cone of Mt1,t2
is the cone in R2 over the image of the interval [t1, t2] ⊂ R under the map t 7→ (cos t, sin t) ∈
R2. Hence it is the whole R2 whenever t2 − t1 ≥ 2pi.
Take any t′2 > t1 such that t
′
2 − t1 < pi and (cos t′2, sin t′2) ∈ R2 lies on a ray through
some (m′2, n
′
2) ∈ Z2. It is obvious from the construction that Mt1,t′2 can be obtained from
Mt1,t2 by a contact cut. Therefore any isotopy of Mt1,t′2 whose support is compact and
contained in ([t1, t
′
2) × S1 × S1/ ∼) ⊂ Mt1,t′2 , can be extended to an isotopy of Mt1,t2 .
Observe that the moment cone of Mt1,t′2 is strictly convex, thus Mt1,t′2 is a prequantization
space. Similarly to what was done in Section 4.2, one can displace uncountably many pre-
Lagrangian toric fibers of Mt1,t′2 by isotopies which are lifts of isotopies obtained via the
probes method. If a probe is based on a facet “far from the cut”, i.e. such that it’s preimage
under prequantization map is disjoint from the set {t′2}×S1×S1/ ∼, then such isotopy has
a compact support contained in ([t1, t
′
2)× S1 × S1/ ∼) and can be extended to an isotopy
of Mt1,t2 . 
Dimension greater than 3.
We now analyze the contact toric manifolds not of Reeb type, whose action is not free,
and whose dimension is greater than 3. These are determined by their (not strictly convex)
good moment cones. Let k be the dimension of the maximal linear subspace contained in
the good moment cone, and (d + k), d ≥ 1, be the dimension of the torus acting. (When
d = 0 the manifold is necessarily a Tk bundle over Sk−1 and the toric action is free). Then
such a cone is isomorphic to the cone of Tk × S2d+k−1 and therefore the manifold must
be equivariantly contactomorphic to Tk × S2d+k−1 with the unique Td+k invariant contact
structure, described in Section 4.2, (Theorem 2.18 in [28]; see also the proof of Theorem
1.3 in Section 7 of [28]). Thus, by Theorem 1.2 (Section 4.2) all pre-Lagrangian toric fibers
in Tk × S2d+k−1 are displaceable. This concludes the proof of Theorem 1.6.
Acknowledgments
The authors are very grateful to Patrick Massot and to the anonymous referee who
independently pointed out to us that the proof in Remark 4.2 can be simplified to the
proof of Proposition 1.1, and they explained to us how to prove Proposition 1.5. Ad-
ditionally we would like to thank the referee for his/her comments that helped us im-
prove the exposition. Moreover we thank Miguel Abreu and Strom Borman for help-
ful comments on the first version of the paper and Sheila Sandon, Maia Fraser and
Roger Casals for useful discussions. The authors were supported by the Fundac¸a˜o para a
Cieˆncia e a Tecnologia (FCT, Portugal): fellowships SFRH/BD/77639/2011 (Marinkovic´)
and SFRH/BPD/87791/2012 (Pabiniak); projects PTDC/MAT/117762/2010 (Marinkovic´
and Pabiniak) and EXCL/MAT-GEO/0222/2012 (Pabiniak).
28 A. MARINKOVIC´, M. PABINIAK
References
[1] M. Abreu, M. S. Borman, and D. McDuff, Displacing Lagrangian toric fibers by extended probes,
Algebr. Geom. Topol. 14 (2014), 687–752.
[2] M. Abreu and L. Macarini, Remarks on Lagrangian intersections in toric manifolds, Trans. Amer.
Math. Soc. 365 (2013), 3851–3875.
[3] M. Abreu and L. Macarini, Contact homology of good toric contact manifolds, Compos. Math. 148
(2012), 304–334.
[4] C. Albert, Le the´ore`me de re´duction de Marsden-Weinstein en ge´ome´trie cosymplectique et de contact,
J. Geom. Phys. 6 (1989), 627–649.
[5] A. Banyaga and P. Molino, Ge´ome´trie des formes de contact comple´tement inte´grables de type
toriques, Se´minaire Gaston Darboux de Ge´ome´trie et Topologie Diffe´rentielle, 1991-1992 (Mont-
pellier), Univ. Montpellier II, Montpellier, (1993), 1–25.
[6] A. Banyaga and P. Molino, Complete integrability in contact geometry, Penn State preprint PM 197,
(1996).
[7] M. Bhupal, A partial order on the group of contactomorphisms of R2n+1 via generating functions,
Turkish J. Math., 25 (2001), 125–135.
[8] W.M. Boothby and H.C. Wang, On contact manifolds, Ann. of Math. (2) 68 (1958), 721–734.
[9] M. S. Borman and Zapolsky, Quasimorphisms on contactomorphism groups and contact rigidity,
Geom. Topol. 19 (2015), 365–411.
[10] C.P. Boyer, Maximal tori in contactomorphism groups, Diff. Geom. Appl. 31 (2013), 190–216.
[11] C.P. Boyer and K. Galicki, A note on toric contact geometry, J. Geom. Phys. 35 (2000), 288–298.
[12] C.-H. Cho and M. Poddar, Holomorphic orbidiscs and Lagrangian Floer cohomology of compact toric
orbifolds, J. Diff. Geom 98 (2014), 21-116
[13] Th. Delzant, Hamiltoniens Pe´riodiques et Images Convexes de L’application Moment, Bull. Soc. Math.
France 116 (1988), 315–339.
[14] Y. Eliashberg, H. Hofer and D. Salamon, Lagrangian intersection in contact geometry, Geom. Funct.
Anal. 5 (1995), 244-269.
[15] Y. Eliashberg, S. S. Kim, and L. Polterovich, Geometry of contact transformations and domains:
orderability versus squeezing, Geom. Topol. 10 (2006), 635–1747.
[16] Y. Eliashberg and L. Polterovich, Partially ordered groups and geometry of contact transformations,
Geom. Funct. Anal. 10 (2000), 1448–1476.
[17] M. Entov and L. Polterovich, Quasi-states and symplectic intersections, Comment. Math. Helv., 81
(2006), 75–99.
[18] K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono, Lagrangian Floer theory on compact toric manifolds I,
Duke Math. J.151 (2010), 23-174.
[19] K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono, Lagrangian Floer theory on compact toric manifolds II:
bulk deformations, Selecta Math. 17 (2011), 609-711.
[20] M. Fraser, L. Polterovich and D. Rosen, On Sandon-type metrics for contactomorphism groups,
arXiv:1207.3151.
[21] H. Geiges, An Introduction to Contact Topology, Cambridge University Press, 2008.
[22] E. Giroux, Structures de contact en dimension trois et bifurcations des feuilletages de surfaces, Invent.
Math. 141 (2000), 615–689.
[23] E. Giroux, Sur la ge´ome´trie et la dynamique des transformations de contact [d’apre´s Y. Eliashberg,
L. Polterovich et al.] Se´minaire Bourbaki 61e´me anne´e, 2008–2009, no 1004.
[24] E. Gonzales, C. Woodward Quantum Cohomology and toric minimal model program.
arXiv:1207.3253v5.
[25] G. Granja, Y. Karshon, M. Pabiniak, S. Sandon, Non-linear Maslov index for lens spaces, in prepara-
tion.
[26] K. Honda, On the classification of tight contact structures I, Geom. Topol. 4 (2000), 309–368.
ON DISPLACEABILITY IN CONTACT TORIC MANIFOLDS 29
[27] E. Lerman, Contact cuts, Israel J. of Math. 124 (2001), 77–92.
[28] E. Lerman, Contact toric manifolds, J. Symplectic Geom. 1 (2003), 785–828.
[29] E. Lerman, Maximal tori in the contactomorphism groups of circle bundles over Hirzebruch surfaces,
Math. Res. Lett. 10 (2003), 133–144.
[30] E. Lerman and S. Tolman, Hamiltonian torus actions on symplectic orbifolds and toric varieties,
Trans. Amer. Math. Soc. 349 (1997), 4201–4230.
[31] A. Marinkovic´, Symplectic fillability of toric contact manifolds, Period. Math. Hungar. 73 (2016),
16–26.
[32] A. Marinkovic´ and M. Pabiniak, Every symplectic toric orbifold is a centered reduction of a Cartesian
product of weighted projective spaces, Int. Math. Res. Not. 2015 (2015), 12432-12458.
[33] D. McDuff, Displacing Lagrangian toric fibers via probes, Low-dimensional and symplectic topology,
volume 82 of Proc. Sympos. Pure Math. Amer. Math. Soc., Providence, RI, (2011), 131–160.
[34] S. Sandon, Contact homology, capacity and non-squeezing in R2n×S1 via generating functions, Ann.
Inst. Fourier (Grenoble), 61 (2011), 145–185.
CAMGSD, Mathematics Department, Instituto Superior Te´cnico, Universidade de Lis-
boa, Av. Rovisco Pais, 1049-001 Lisboa, Portugal, aleksperisic@yahoo.com
Mathematisches Institut, Universita¨t zu Ko¨ln, Weyertal 86-90, D-50931 Ko¨ln, Germany,
pabiniak@math.uni-koeln.de
